Abstract. We provide a concrete description of the profinite completion of an arbitrary MV-algebra, a description that generalizes the well known profinite completion of a Boolean algebra as the power set of its Stone space. We also use the description found to investigate profinite MV-algebras that are profinite completions of MV-algebras. Finally, we characterize semisimple MV-algebras for which the profinite completion and the MacNeille completion are isomorphic.
Introduction
Profinite completions and MacNeille completions have been thoroughly investigated in many important varieties of algebras. Some of the most popular varieties include the variety DL of bounded distributive lattices, the variety HA of Heyting algebras, and the variety BA of Boolean algebras. It is known that the profinite completion of a Boolean algebra is isomorphic to the power set of its Stone space ( [4, Corollary 3.3] ), that the profinite completion of a bounded distributive lattice with Priestley space X is isomorphic to the lattice Up(X) of upsets of X ([4, Theorem 3.1]), and that the completion of a Heyting algebra with Esakia space X is isomorphic to the Heyting algebra Up(X fin ) of the upsets of X fin ( [3, Theorem 4.7] ).
Besides DL and HA, the variety MV of MV-algebras is another popular extension of BA. MV-algebras constitute the algebraic counterpart of the Lukasiewicz many valued logic and via the Chang-Mundici functor are equivalent to abelian ℓ-groups with distinguished units. More precisely, an MV-algebra can be defined as an Abelian monoid (A, ⊕, 0) with an involution ¬ : A → A (i.e., ¬¬x = x for all x ∈ A) satisfying the following axioms for all x, y ∈ A: ¬0 ⊕ x = ¬0, ¬(¬x ⊕ y) ⊕ y = ¬(¬y ⊕ x) ⊕ x. For any x, y ∈ A, if one writes x ≤ y when ¬x ⊕ y = ¬0 := 1, then ≤ induces a partial order on A, which is in fact a lattice order where x ∨ y = ¬(¬x ⊕ y) ⊕ y and x ∧ y = ¬(¬x ∨ ¬y). An ideal of an MV-algebra is a nonempty subset I of A such that (i) for all x, y ∈ I, x ⊕ y ∈ I and (ii) for all x ∈ A and y ∈ I, x ≤ y implies x ∈ I. A prime ideal of A is proper ideal P such that whenever x ∧ y ∈ P with x, y ∈ A, then x ∈ P or y ∈ P . A maximal ideal of A is proper ideal M such that for every a ∈ A such that a / ∈ M, there exists a integer n ≥ 1 such that ¬na ∈ M.
A topological MV-algebra is an MV-algebra (A, ⊕, ¬, 0) together with a topology τ such that ⊕ and ¬ (and in particular ∨, ∧) are τ -continuous. A detailed treatment of topological MV-algebras can be found in [14, 20] Unlike bounded distributive lattices, Heyting algebras, Boolean algebras, or orthomodular lattices, where the topic of profiniteness has been well investigated (see for e.g., [3, 4, 5, 6] ), MV-algebras have not yet received the same level of attention. To continue our study on the theme of profiniteness in MV-algebras, which has been initiated in [18, 19] , we focus in this article on profinite completions and applications.
In the first part, we compute the profinite completion of every MV-algebra. We obtain that the profinite completion of an MV-algebra is the direct product of all its finite simple homomorphic images. As immediate byproducts of our description, we obtain simpler proofs of some previously known results such as the profinite completion of a Boolean algebra, the preservation of the Boolean center of regular MV-algebras by profinite completions, and the characterization of MV-algebras that are isomorphic to their own profinite completions.
In the second part of the article, we use the description of the profinite completion found to characterize profinite MV-algebras that are isomorphic to profinite completions of some MV-algebras. Among other things, we prove that a profinite MV-algebra A := x∈X L nx is isomorphic to the profinite completion of an MV-algebra if and only if there exists a Stone space Y containing a dense copy X ′ of X and a separating subalgebra A ′ of Cont(Y ) satisfying: (i) For every x ∈ X (when X is identified with X ′ ), J x has rank n x in A ′ , where J x := {f ∈ A ′ : f (x) = 0}; and (ii) For every y ∈ Y \ X, J y has infinite rank in A ′ . Besides the profinite completion, another popular completion that has been well studied on algebras is the MacNeille completion. The MacNeille completion of MV-algebras has been previously investigated in [1, 9, 16] . In the last final part of the paper, we characterize semisimple MV-algebras for which the profinite completion and the MacNeille completion are isomorphic. We obtain that these are the atomic MV-algebras A for which there exists a bijection τ , from the set a(A) of atoms of A onto its set Max f (A) of maximal ideals of finite rank such that rank(τ (a)) = |a| + 1 for all atom a of A.
The main results of the paper extend naturally the existing ones from the theory of Boolean algebras (Corollary 2.5, Theorem 3.8, Corollary 3.4 and Corollary 3.6). They also offer simpler proofs to some previously obtained results on MV-algebras (Corollary 2.6 and Corollary 2.8).
For basic MV-algebra terminologies, the reader can consult [8, 17] , and for basic facts about profinite MV-algebras, the reader can consult [18, 19] .
profinite completions of MV-algebras
Let A be an MV-algebra and let id f (A) be the set of all ideals I of A such that A/I is finite. For every I, J ∈ id f (A) such that I ⊆ J, let φ JI : A/I → A/J be the natural homomorphism, i.e., φ JI ([a] I ) = [a] J for all a ∈ A. Observe that (id f (A), ⊇) is a directed set, and {(id f (A), ⊇), {A/I}, {φ JI }} is an inverse system of MV-algebras. The inverse limit of this inverse system is called the profinite completion of the MV-algebra A, and commonly denoted by A. The following description of A is also well known:
In the sequel, the set of prime ideals of A will be denoted by Spec(A) and is endowed with the Zariski's topology. The set Max(A) of maximal ideals of A inherits the subspace topology of Spec(A). Let A be an MV-algebra, and M a maximal ideal of A. If A/M is finite, then A/M ∼ = L n for some integer n ≥ 2, which is called the rank of M and in this case M is said to have finite rank. If A/M is infinite, then M is said to have infinite rank. Let Max f (A) := Max(A) ∩ id f (A) is the set of maximal ideals of finite rank in A.
The following result, which is a strengthened and more complete version of [19, Proposition 3.1] , is crucial for our subsequent results. Proposition 2.1. Let A be an MV-algebra.
Proof. 1. Suppose that I is an ideal of A, with A/I finite. Then, by [8, Proposition 3.6.5] , there is an isomorphism ϕ :
A/M i . Finally, for the uniqueness of the maximal ideals, suppose that 
Suppose that
Then, as seen in the preceding proof of uniqueness, for every j = 1, . . . , s, there exists i = 1, . . . , r such that
Then, as I = ∩ M ∈S(I) M, ϕ I is one-to-one. In addition, by Proposition 2.1(1.) A/I and M ∈S(I) A/M are isomorphic and finite (therefore have same cardinality), thus ϕ I is indeed an isomorphism.
We shall use the following notations throughout the paper. We set I := {S(I) : I ∈ id f (A)} and for each I ∈ id f (A), A I := M ∈S(I) A/M. Note that when S(J) ⊆ S(I), there is a homomorphism µ JI : A I → A J , namely the natural projection. It is easy to verify that {(I, ⊆), {A I }, {µ I }} is an inverse system. Lemma 2.3. For every MV-algebra A, its profinite completion is isomorphic to the inverse limit of {(I, ⊆), {A I }, {µ I }}.
Proof. It is enough to show that {(id f (A), ⊇), {A/I}, {φ JI }} and {(I, ⊆), {A I }, {µ I }} are isomorphic inverse systems. To see this, first note that S : id f (A) → I is an inclusion reversing bijection. For each I ∈ id f (A), ϕ I : A/I → A I (as defined in Remark 2.2) is an isomorphism. To complete the proof, one needs to verify that for all I ⊆ J, the following diagram is commutative.
This commutativity follows easily from the various definitions.
Next, the main Theorem of this section.
Theorem 2.4. For every MV-algebra A, its profinite completion is algebraically and topologically isomorphic to
Proof. Using Lemma 2.3, we shall prove that M ∈Max f (A) A/M is the inverse limit of the inverse system {(I, ⊆), {A I }, {µ I }}. We achieve this by defining
2. Let B be an MV-algebra together with a family q I : B → A I of homomorphisms that are compatible with the transition morphisms {µ JI }. Define
for all b ∈ B, and M ∈ Max f (A). Note that for every M ∈ Max f (A), A M = A/M since S(M) = {M}. It follows that Θ is a well-defined homomorphism.
We need to show that Θ is the unique homomorphism that makes the following diagram commutative.
(ii) Second, we prove that
For the first equality, observe that M ∈ S(I) means I ⊆ M, and by the compatibility of the q I 's, we have µ M I • q I = q M , which is exactly the first equality. The second equality is clear from the definition of p I . Now, let I ∈ id f (A), b ∈ B and M ∈ S(I). Then, it follows from (i) and (ii) that:
It remains to address the uniqueness of Θ.
. Then for every b ∈ B and M ∈ S(I), As an immediate consequence of this Theorem, we obtain a well-known description of the profinite completion of a Boolean algebra.
Corollary 2.5. For every Boolean algebra B, its profinite completion is given by B ∼ = P(X) where, X is the Stone space of B.
Proof. Note that since B is a Boolean algebra, then every maximal ideal of B has finite rank ( rank 2). Indeed, for every maximal ideal M of B, B/M is a simple Boolean algebra and the only simple Boolean algebra is the 2-element Boolean algebra 2. Therefore, Max f (B) = Max(B) = X, the Stone space of B. By Theorem 2.4, we obtain B ∼ = M ∈X 2 ∼ = 2 X ∼ = P(X).
The next two results were established in [19] , but we can now offer simpler proofs thanks to Theorem 2.4. 
In addition, since A is regular, it follows from the homeomorphism stated above that, 2
Max(A) ∼ = 2 X ∼ = P(X), where X is the Stone space of B(A). Therefore, by Corollary 2.5, P(X) ∼ = B(A) and B( A) ∼ = B(A) as needed.
Profinite completions preserve finite products as we prove next. Proposition 2.8. For every positive integer n and A 1 , A 2 , . . . , A n MV-algebras,
Proof. It is enough to prove the result for n = 2. We observe (as in classical ring theory) that maximal ideals of A 1 × A 2 are of the form
From Theorem 2.4, we obtain that:
We would like to point out that the above does not extend to arbitrary products. Indeed, if the profinite completions preserves infinite product, then for every infinite set X, the Boolean algebra 2 X would be isomorphic to its own profinite completion. However no infinite Boolean algebra is isomorphic to its own profinite completion.
By the Stone's most celebrated result, the Stone space completely determines the Boolean algebra. It follows from Corollary 2.5 that two nonisomorphic Bolean algebras cannot have isomorphic profinite completions. This is however not the case for MV-algebras in general. For instance, nontrivial MV-algebras can have trivial profinite completions. Note that it follows from Theorem 2.4 that an MV-algebra has a trivial profinite completion if and only if all its maximal ideals have infinite ranks. Infinite simple MV-algebras are the most evident examples of such MV-algebras.
Profinite MV-algebras vs Profinite completions vs MacNeille completions
While any MV-algebra A with non-principal maximal ideals of finite ranks is not isomorphic to its profinite completion A (Proposition 2.6), it remains possible to have A ∼ = B for some MV-algebra B. This motivates the important question of which (profinite) MV-algebras are profinite completions of some MV-algebras. It is known [4, Corollary 5.10] that every profinite Boolean algebra is a profinite completion of some Boolean algebra. It is also known that a profinite bounded distributive lattice is isomorphic to a profinite completion if and only if it is isomorphic to the lattice of upsets of a representable poset [4, Theorem 5.3] .
In this section, we investigate this question for MV-algebras.
Recall that the radical Rad(A) of an MV-algebra A is the intersection of all its maximal ideals. An MV-algebra A is called semisimple if Rad(A) = {0}. 
Note that given any nonempty topological space X, the set Cont(X) of all continuous functions from X → [0, 1] is an MV-algebra under pointwise operations. Recall that a subalgebra B of Cont(X) is called separating if for every x, x ′ ∈ X with x = x ′ , there exists f ∈ B such that f (x) = f (x ′ ). Recall that if A is a profinite MV-algebra, then A ∼ = x∈X L nx for some set X, and the set of integers η(A) := {n x : x ∈ X} is uniquely determined by A. Proposition 3.2. Let A := x∈X L nx be a profinite MV-algebra. Then the following assertions are equivalent.
1.
A is isomorphic to the profinite completion of some MV-algebra B; 2. There exists a compact Hausdorff space Y containing a dense copy X ′ of X and a separating subalgebra A ′ of Cont(Y ) satisfying: (i) For every x ∈ X (when X is identified with X ′ ), J x has rank n x in A ′ , where J x := {f ∈ A ′ : f (x) = 0}; and (ii) For every y ∈ Y \ X, J y has infinite rank in A ′ ; 3. The condition 2 holds for some Stone space Y . ′ is an MV-algebra satisfying the condition 2. Since
On the other hand, by density, the map f → f |X is one-to-one from Cont(Y ) into Cont(X), which is in turn a sub-MV-algebra of [0, 1] X . This allows us to identify Cont(Y ) to a sub-MV-algebra of [0, 1]
Theorem 3.3. Suppose that A is a profinite MV-algebras such that there exists n 0 ∈ η(A) with the property that n 0 − 1 divides all but finitely many n ∈ η(A). Then there exists an MV-algebra B such that A ∼ = B Proof. If X is finite, so is A and in this case A is isomorphic to its profinite completion. We may assume that X is infinite. Let x 0 ∈ X such that n x 0 ∈ η(A) with the property that n x 0 − 1 divides all but finitely many n ∈ η(A). Then L nx 0 is a subalgebra of all but finitely many L nx , x ∈ X. We topologize X so that the space obtained is the one-point compactification of the discrete space X \ {x 0 }. Note that X is infinite, therefore under the discrete topology X \ {x 0 } is a locally compact and Haussdorff space, which is not compact. More explicitly, a subset U of X is open if U or X \ U is a finite subset of X \ {x 0 }. Then X is a compact Haussdorff (in fact Stone) space. Let
Then as X is Stone, the Boolean center B(Cont(X)) is a separating subalgebra of Cont(X). It follows that B is also a separating subalgebra of Cont(X) since B(Cont(X)) = {f ∈ Cont(X) : f (x) ∈ {0, 1} for all x ∈ X} = B(B) ⊆ B. We claim that B/J x ∼ = L nx . To see this, for each x ∈ X, we consider ϕ x : B → L nx defined by ϕ x (f ) = f (x). Then, ϕ x is an MV-algebra homomorphism and Ker(ϕ x ) = J x . It remains to show that each ϕ x is onto. First we consider the
It is easy to see that f is continuous and clearly ϕ x (f ) = t.
For x 0 , recall that L nx 0 ⊆ L nx for all x ∈ X, except possibly for x ∈ S, where S is a finite subset of X. Now, let t ∈ L nx 0 and define f : X → [0, 1] by:
It is easy to see that f is continuous and clearly ϕ x 0 (f ) = t.
The conclusion now follows from Proposition 3.2.
One should observe from Theorem 3.8 that if the 2-element Boolean algebra is among the factors of a profinite MV-algebra A, then there exists an MValgebra B such that A ∼ = B. In particular, every profinite Boolean algebra is the profinite completion of some Boolean algebra, which is well known (see for e.g.,[4, Corollary 5.10]).
Proposition 3.4.
Suppose that A is a profinite MV-algebra with η(A) bounded. Then A is isomorphic to the profinite completion of some MV-algebra.
Proof. Since η(A) is finite, let η(A) := {n 1 , n 2 , . . . , n k }. For each i = 1, 2, . . . , k,
clearly satisfies the condition of Theorem 3.8. Therefore, by Theorem 3.8 each A i is isomorphic to the profinite completion of some MV-algebra B i . It follows from Proposition 2.8 that A ∼ = n i=1 B i . While Theorem 3.8 and Proposition 3.4 cover a large class of profinite MValgebras, it remains unclear whether there are profinite MV-algebras that do not satisfy the conditions of Proposition 3.2. This situation is parallel to that of Heyting algebras as described in the comments after the proof of [4, Corollary 5.9] .
The final aspect of this article is devoted to comparing the profinite and the MacNeille completions of MV-algebras. Recall that given a lattice L, its MacNeille completion is the unique (up to isomorphism) complete lattice L with a lattice embedding β : L → L such that β[L] is both join-dense and meetdense in L. More precisely, we wish to investigate under what circumstances the two completions coincide. For instance, it is known that for a Heyting algebra H, the two completions coincide if and only if H is completely joinprime generated and J ∞ (H), ≥ is order-isomorphic to the poset of prime filters of H of finite index [5, Thm. 4.4] . It is also known that if L is a bounded distributive lattice with Priestley space X, then the two completions are isomorphic if and only if X 0 is dense in X and X 0 is order-isomorphic to X, where X 0 denotes the subset of order-isolated points in X [4, Thm. 4.2].
For MV-algebras, we start our analysis by observing that the MacNeille completion of an MV-algebra is an MV-algebra if and only if it is semisimple [13, Thm. 6.3] . Therefore, our comparison of the two completions is restricted to semisimple MV-algebras. We shall denote the MacNeille completion of an MV-algebra A by A.
Recall that one can define a partial addition + on any MV-algebra A, ⊕, ¬, 0 by x + y = x ⊕ y for all x, y ∈ A with x ≤ ¬y. For every n ≥ 1 integer and a ∈ A, if a + · · · + a (n times) is defined, we denote it by nx. For every a ∈ A, the order of a is defined as |a| := Sup{n ≥ 1 : na is defined in A}. An MV-algebra A is Archimedean if for every a ∈ A \ {0}, |a| < ∞. In addition, Archimedean MV-algebras and semisimple MV-algebras coincide (see for e.g., [8] ).
We have the following characterization of semisimple MV-algebras for which the profinite and MacNeille completions coincide.
Proposition 3.5. For every semisimple MV-algebra A, its profinite completion A is isomorphic to its MacNeille completion A if and only if A is atomic and there exists a bijection τ , from the set a(A) of atoms of A onto its set Max f (A) of maximal ideals of finite rank such that rank(τ (a)) = |a| + 1 for all atoms a of A.
Proof. First, we observe as in the proof of [9, Thm 6.4.20] that A and A have exactly the same atoms, and that A is atomic if and only if A is atomic.
Assume that A ∼ = A, then since A is atomic, then A is atomic. It follows from the comments above that A is atomic. Moreover, by [9, Thm. 6.4.20] 
, and it follows from [18, Cor. 3.4] that there is a bijection between a(A) and Max f (A) with the prescribed requirement.
Conversely, assume that A is atomic and there exists a bijection τ : a(A) → Max f (A) such that rank(τ (a)) = |a| + 1 for all a. Then,
A/M and it follows again from Theorem 2.4 and [9, Thm. 6.4.20] that A ∼ = A as needed.
Note that every Boolean algebra is a semisimple MV-algebra, all maximal ideals of whom have rank 2 and all nonzero elements have order 1. Applying Proposition 3.5 to Boolean algebras and the fact that the profinite completion and the canonical completion of Boolean algebras are isomorphic (see for e.g., [3, Thm. 2.11], we obtain the following well known result. We close with two examples, the first dealing with complete MV-algebras while the second deals with non complete MV-algebras. 
, and is therefore an MV-algebra on its own. We claim that
We start by representing B as a separating algebra of an MV-algebra of continuous functions on a Stone space. This makes it easy to determine all the maximal ideals of finite rank in B. Consider X := N ∪ {∞} the one-point compactification of the discrete space N. Let B ′ = {g ∈ Cont(X) : g(n) ∈ L n+1 , for all n ≥ 1 and}. Consider the map Θ : B → B ′ defined by Θ(f ) =f , wheref (n) = f (n) for all n ≥ 1, andf (∞) = lim f . It is readily verified that Θ is an MV-algebras isomorphism and B ∼ = B ′ . In addition, B ′ is a separating subalgebra of Cont(X), and it follows that its maximal ideals are of the form J x := {g ∈ Cont(X) : g(x) = 0}, with x ∈ X ( [8, Thm. 3.4.3] ). Now, a similar justification to what was done in the proof of Theorem shows that J n has rank n + 1 for all n ≥ 1. It remains to show that J ∞ has infinite rank. To see this, we first observe that for every n ≥ 1, every closed interval centered at a point of [0, 1] of length 1 n contains a point of L n+1 . It follows that for every r ∈ [0, 1] and n ≥ 1, then there exists x n ∈ L n+1 such that |x n − r| ≤ . Consequently, if one defines f ∈ B by f (n) = x n , then lim f = r and f extends uniquely tõ f ∈ B ′ such thatf (∞) = r. Therefore, B ′ /J ∞ ∼ = [0, 1] and J ∞ has infinite rank as claimed. We deduce from Theorem 2.4 that B ∼ = ∞ n=1 L n+1 . Moreover, for every n ≥ 1, let f n ∈ B defined by f n (n) = 1 n and f n (k) = 0 if k = n. Then it is immediate that B is atomic, the set of atoms of B is {f n : n ∈ N} and by the preceding discussion Max f (A) = {J n : n ∈ N}. Therefore, the B satisfies the the conditions stated in Proposition 3.5. Thus B ∼ = B and B ∼ = B ∼ = ∞ n=1 L n+1 .. Remark 3.9. As announced, the MV-algebra B of Example 3.8 is not complete. Indeed, define f 2k = 0 for all k, f 2k+1 (k) = 1 and f 2k+1 (n) = 0 for all n = k. Then {f n : n ∈ N} is a subset of B that does not have a supremum in B.
conclusion and final remarks
A description of the profinite completion of any MV-algebra is obtained using its maximal ideals of finite ranks (Theorem 2.4). The stated description is used to study profinite MV-algebras that are isomorphic to profinite completions of MV-algebras. Finally, a necessary and sufficient condition for the profinite completion and MacNeille completion to be isomorphic is established (Proposition 3.5). In the proof of Proposition 3.5, a description of the MacNeille completion of semisimple atomic MV-algebra was used. In a future project, we would like to find a description of the MacNeille completion of general semisimple MV-algebras which should coincide with the stated description for semisimple MV-algebras. Finally, in addition to profinite and MacNeille completions, canonical extensions have also been introduced and studied. These have been extensively studied on Boolean algebras BA, distributive lattices DL, and Heyting algebras HA (see for e.g., [3, 10, 12] ). In the same spirit, we would also like to investigate canonical extensions of MValgebras and compare it to the two completions treated in this paper.
